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Constraints on the neutron drip-line with the newly observed 39Na
Q.Z. Chai, J.C. Pei,∗ Na Fei, and D.W. Guan
State Key Laboratory of Nuclear Physics and Technology,
School of Physics, Peking University, Beijing 100871, China
The recently observed weakly-bound 39Na provides a stringent theoretical constraint on the neu-
tron drip-line. We studied the properties of drip-line nuclei around 39Na with the Hartree-Fock-
Bogoliubov method and various Skyrme interactions. We adopted the extended SkM∗ext1 parameter-
ization which can properly describe two-neutron separation energies of oxygen and fluorine isotopes
and deformations at the center of the “island of inversion”. Systematic calculations of drip lines
of O, F, Ne, Na, Mg, and Al isotopes have been performed. We infer that 42Mg is weakly bound
and 45Al is less weakly bound. 44Mg and 47Al could be barely existed. We also demonstrated the
deformed halo properties of 39Na. Our studies could be valuable for experimental explorations of
drip-line nuclei in the forthcoming FRIB and other rare-isotope beam facilities .
I. INTRODUCTION
The developments of new-generation rare-isotope
beam facilities around the world provide great oppor-
tunities for studies of exotic nuclei close to drip lines.
For example, FRIB is expected to be fully operational
in 2022 and it is able to reach the neutron drip-line up
to nuclei with charge number Z=40 [1]. It is important
to study properties of the drip-line nuclei timely with
highly accurate theoretical models to guide forthcoming
experiments.
Currently the drip lines of light nuclei up to O, F, Ne
have been determined experimentally [2]. In a very re-
cent experiment performed in RIKEN [3], 31F and 34Ne
are reconfirmed to be the drip-line nuclei. Compared
to expected experimental yields, the existence of heav-
ier fluorine and neon isotopes have been excluded. In
this exciting experiment, Ahn and colleagues have newly
observed one event of 39Na [3], indicating that 39Na is
very weakly bound and is most likely to be the drip-line
of sodium. Their latest experiment has observed more
events of 39Na [4]. The heaviest magnesium isotope been
observed is 40Mg [5]. Very recently the first excited state
of 40Mg has also been observed [6]. The heaviest alu-
minum isotope been observed is 43Al in 2007 [5]. The
experiments indicate that drip lines of magnesium and
aluminum isotopes could be located beyond 40Mg and
43Al.
It is known that different theoretical models can have
remarkable divergent predictions about the neutron drip
lines [7]. Therefore, the newly observed 39Na has put
an important stringent constraint on theoretical models.
Based on this constraint, it is time to give more reliable
predictions on the drip-line locations around 39Na.
The exotic properties of weakly bound 39Na are also
of great interests which has the magic neutron number of
N=28. While the neighboring isotones 40Mg is prolate
deformed and 42Si is oblate deformed [6, 8]. 39Na is more
weakly bound than 40Mg and is a promising candidate
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for a novel deformed halo structure. Indeed, the inter-
plays between deformations, pairing, continuum and ha-
los are of particular interests. In addition to novel static
structures, our recent studies show that pygmy dipole
resonances of weakly bound 40Mg can have novel com-
pressional surface flows [9].
The suitable self-consistent theoretical framework
for descriptions of deformed weakly bound nuclei is
the coordinate-space Hartree-Fock-Bogoliubov (HFB)
method, in which the continuum and halo extensions can
be treated rather accurately [10, 11]. The exact solu-
tion of HFB equations of deformed nuclei with outgoing
boundary conditions are very difficult. The Gamow shell
model is suitable for weakly bound nuclei except for de-
formed cases [12]. There are extensive studies on even-
even nuclei, the studies of odd-A nuclei such as sodium,
fluorine, and aluminum are very needed. To this end, the
quasi-particle blocking method has to be implemented in
the HFB framework [13].
In last few years, there are extensive efforts to develop
highly accurate effective nuclear interactions for HFB or
density functional theory calculations of the whole nu-
clear chart [14–18]. We recnetly optimized the extended
Skyrme forces with higher-order density dependencies in
the s-wave channel [19, 20]. We obtained highly accurate
global descriptions of binding energies. The widely used
SkM∗ force is very successful for surface properties and
fission barriers [21]. But our systematic calculations show
that SkM∗ overestimated the extension of the neutron
drip lines. However, the optimized extended SkM∗ext1
force without fitting fission barriers obtained much im-
proved descriptions of binding energies. The UNEDF0 is
the best optimized Skyrme force for global binding ener-
gies, with a rms of 1.45 MeV [15]. With a higher density
dependent term, the rms of UNEDF0ext1 is further re-
duced to 1.29 MeV [20].
In this work, we aim to investigate the drip-line nuclei
around 39Na with the Skyrme Hartree-Fock-Bogoliubov
method. To validate the existence of weakly bound 39Na,
various Skyrme forces have been adopted. The deformed
halo structures of 39Na have also been investigated. For
descriptions of odd-A nuclei, the quasiparticle blocking
method has been implemented. The HFB calculations
2are performed on the axially symmetric coordinate space
mesh. The shape coexistence properties have been stud-
ied using the deformation constrained calculations. We
hope our results are useful to guide forthcoming experi-
ments in new generation RI beam facilities such as FRIB.
II. THE THEORETICAL FRAMEWORK
The Skyrme-HFB equation is solved by the HFB-AX
code [10] within a two-dimensional coordinate space by
using the B-spline techniques [10, 22]. With large coor-
dinate boxes and small lattice spacings, the continuum
and the halo structures can be precisely described [11].
In this work, the box size takes 21 fm and the maximum
mesh spacing is 0.6 fm, which is sufficient for the medium-
mass region. The HFB equation in the coordinate-space
representation can be written as [10]:
[
h(r)− λ ∆(r)
∆∗(r) h(r)− λ
] [
Uk(r)
Vk(r)
]
= Ek
[
Uk(r)
Vk(r)
]
, (1)
where h denotes the single-particle Hartree-Fock Hamil-
tonian; λ is the Fermi energy; ∆ is the pairing potential;
Uk and Vk are the upper and lower components of quasi-
particle wave functions respectively; and Ek denotes the
quasi-particle energy. The HFB equation has been solved
iteratively and the modified Broyden method has been
adopted for better convergence [10].
For the particle-hole interaction channel, the widely
used Skyrme forces such as SkM∗ [21], SLy4 [23], UN-
EDF0 [15] have been adopted. SkM∗ force has good sur-
face properties and has been widely applied in descrip-
tions of fission. SLy4 force has been widely used in de-
scriptions of neutron-rich nuclei. UNEDF0 has been well
optimized for descriptions of global binding energies. We
speculate that a single density dependent term in stan-
dard Skyrme forces is not sufficient for the Skyrme force
to simulate many-body correlations. In addition, the ex-
tended SkM∗ext1 and UNEDF0ext1 [20] forces are also
adopted. Note that SkM∗ext1 and UNEDF0ext1 have an
additional high-order density-dependent term to improve
global descriptions of binding energies. In the particle-
particle channel, a density-dependent pairing interaction
has been adopted as [9],
Vpair(r) = V0
{
1− η
[
ρ(r)
ρ0(r)
]γ}
, (2)
where ρ0(r) is the nuclear saturation density and V0, η, γ
are three adjustable parameters. With a pairing win-
dow of 60 MeV and the constants η = 0.8, γ = 0.7,
we adjusted pairing strength V0 to reproduce the pairing
gaps of 120Sn of ∆n = 1.245 MeV. The adopted pairing
strengthes V0 corresponding to SkM
∗, SkM∗ext1, SLy4,
UNEDF0, and UNEDF0ext1 are 386.0, 389.8, 449,7,
342.0, 339.6 MeV, respectively. The pairing gaps could
be very different towards drip lines by using different
pairing interaction forms. The resulted pairing gaps with
Eq.(2) at the neutron drip lines are between the surface
pairing and the mixed pairing[9]. This is a reasonable
choice because the pairing gaps obtained with the sur-
face pairing interaction are too large toward the neutron
drip lines if the pairing strength is invariant for stable
and weakly bound nuclei.
To study odd-A nuclei, the self-consistent quasiparticle
blocking has been adopted. For even-even nuclei, the par-
ticle density ρ(r) and the pairing density ρ˜(r) are given
as,
ρ(r) = 2
∑
k
V ∗k (r)Vk(r),
ρ˜(r) = −2
∑
k
Vk(r)U
∗
k (r), (3)
where the quasiparticle energy cutoff is taken as 60 MeV.
For odd-A nuclei, by identifying the blocked quasiparticle
state µ, the particle density and the pairing density are
given as [13, 24],
ρodd(r) = |Uµ(r)|
2 + |Vµ(r)|
2 + 2
∑
k 6=µ
|Vk(r)|
2,
ρ˜odd(r) = −2
∑
k 6=µ
Vk(r)U
∗
k (r). (4)
In this case, the blocked state doesn’t contribute to the
pairing density. The particle number equation has to
be modified accordingly. The blocking calculations are
performed only for odd-Z and even-N nuclei, in which
the blocked proton states are discrete and they can be
identified clearly.
To study the deformation properties, we also per-
formed deformation constrained calculations of potential
energy curves. The shape coexistence is possible around
40Mg. For better numerical convergence of the con-
strained calculations, the augmented Lagrangian method
has been adopted [25].
III. RESULTS AND DISCUSSIONS
Firstly, we studied the two-neutron separation ener-
gies S2n of sodium isotopes to the drip-line with var-
ious Skyrme forces. The recent experiment performed
in RIKEN has newly observed one event of 39Na. This
has not been observed before, indicting that 39Na is very
weakly bound and is most likely to be the drip-line. Fig.1
displays the calculated two-neutron separation energies
with SkM∗, SLy4, UNEDF0, SkM∗ext1 and UNEDF0ext1
forces. Note that the experimental S2n of
35Na and 37Na
are actually taken from the estimations of AME2016 [26].
In calculations with SkM∗, 41Na is the drip line. Based
on systemic calculations [20], SkM∗ overestimates bind-
ing energies towards the neutron drip-line. In SLy4 calcu-
lations, 37Na is the drip-line nucleus. The UNEDF0 and
UNEDF0ext1 calculations obtained very similar results.
We see that in calculations with UNEDF0, UNEDF0ext1
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FIG. 1. (Color online) The two-neutron separation ener-
gies S2n of sodium isotopes obtained by HFB calculations
with SkM∗ [21], SLy4 [23], UNEDF0 [15], SkM∗ext1 [20], and
UNEDF0ext1 [20] forces. Experimental data taken from [26]
are also shown.
and SkM∗ext1 forces,
39Na is the drip-line of sodium iso-
topes. Therefore these calculations provide a stringent
constraint on the drip-line. The reasonable drip-line
should be located between SLy4 and SkM∗ results. Con-
sequently, we adopt SkM∗ext1 and UNEDF0ext1 forces in
systematic calculations of drip-line nuclei.
Figure 2 shows the systematic two-neutron separation
energies of O, F, Ne, Na, Mg, Al isotopes. The calcula-
tions are performed for even-N isotopes since the pairing
can enhance the stabilities of weakly bound nuclei. The
experimental drip lines of oxygen and fluorine are 24O
and 31F respectively. There is a surprising gap of 6 neu-
trons from O to F drip-line locations, presenting a theo-
retical challenge. In our calculations, we see that S2n of
O and F isotopes can be nicely reproduced by SkM∗ext1.
26O is slightly bounded by 270 keV and 31F is slightly
unbound by 220 keV. This is close to the experimental
data with deviations about 300 keV. In the literature, the
drip-line of oxygen has been related to the roles of tensor
forces and three-body forces [27]. It is still challenging to
reproduce simultaneously the drip lines of oxygen and flu-
orine isotopes. Our results can almost resolve the puzzle
of O-F drip lines. We demonstrated that the successful
HFB calculations have largely reduced the roles of addi-
tional effective forces at the ground-state level. However,
the UNEDF0ext1 results are not satisfactory for oxygen
and fluorine isotopes although they are much better in
global calculations of binding energies especially in the
heavy-mass region than SkM∗ext1 results.
The overall S2n of neon and sodium isotopes can not be
nicely reproduced compared to oxygen and fluorine iso-
topes. There are deformation transitions due to the on-
set of “island of inversion” around 32Mg so that Skyrme
forces have not been optimized so well. Nevertheless,
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FIG. 2. (Color online) The calculated two-neutron sep-
aration energies S2n of oxygen, fluorine, neon, sodium,
magnesium and aluminum isotopes with the SkM∗ext1 and
UNEDF0ext1 forces. The corresponding experimental data
from [26] are also shown.
the experimental neon drip-line is at 34Ne which can be
reproduced by SkM∗ext1. The UNEDF0ext1 has slightly
overestimated the neon drip-line.
The existence of 39Na has provided a critical exami-
nation of various Skyrme forces. In Ref. [7] by Erler et
al., generally SkM∗ produces the furthest neutron drip
lines while SLy4 produces the nearest neutron drip lines.
These two extreme cases both have been excluded by the
drip-line nuclei of 34Ne and 39Na. The S2n of
39Na ob-
tained by UNEDF0ext1 and SkM
∗
ext1 are about 0.63 and
0.27 MeV, respectively. Associated with this subtle dif-
ference, the neutron drip lines predicted by UNEDF0ext1
are systematically farther than that by SkM∗ext1 for Ne,
Mg, Al isotopes. Thus the future measurement of S2n of
39Na will also be a critical constraint.
For Mg isotopes, the ground state and first excited
state of 40Mg has been observed [5, 6]. In our calcu-
lations, S2n of
40Mg are 1.88 MeV by SkM∗ext1 and
1.95 MeV by UNEDF0ext1, which are consistent with
the AME2016 estimations [26]. The first excited state
is around 500 keV [6], which is below the S2n threshold.
4With SkM∗ext1, the S2n of
42Mg and 44Mg are 0.29 MeV
and −0.05 MeV, respectively. With UNEDF0ext1, the
S2n of
42Mg and 44Mg are 0.86 MeV and 0.49 MeV, re-
spectively. Indeed, UNEDF0ext1 predicts slightly further
neutron drip lines compared to SkM∗ext1 as also shown in
sodium and neon isotopes. Based on the fact that 39Na
is weakly bound, thus we can confidently infer that 42Mg
is a weakly bound nucleus based on both SkM∗ext1 and
UNEDF0ext1 results. There is a possibility that
44Mg is
very weakly bound but currently it can not be verified.
For Al isotopes, the last observed isotope is 43Al [5].
Both calculations with SkM∗ext1 and UNEDF0ext1 can
nicely reproduce S2n of Al isotopes. The obtained
S2n of
45Al is 2.0 MeV by SkM∗ext1 and 2.4 MeV by
UNEDF0ext1. Therefore, we are confident that
45Al is
bound and more stable than 42Mg. As for 47Al, its S2n
decrease very rapidly in both calculations. The obtained
S2n of
47Al is −0.01 MeV by SkM∗ext1 and 0.99 MeV by
UNEDF0ext1. Therefore, it is difficult to conclude that
47Al is weakly bound or not bound.
For other mass models, the drip lines from the
Weizsa¨cker-Skyrme formula [28] are at 29F, 34Ne, 37Na,
40Mg and 43Al respectively, which slightly underesti-
mated the neutron drip-line. In Gogny-HFB calculations
with the D1S force [29], the drip lines are at 29F, 32Ne,
35Na, 40Mg and 43Al respectively, which has systemati-
cally underestimated the neutron drip-line. In the HFB-
21 mass table [30], the drip-line nuclei are 29F (S2n =1.37
MeV), 34Ne (0.16 MeV), 37Na (1.0 MeV), 42Mg (0.56
MeV) and 45Al (0.91 MeV) respectively, which slightly
underestimated the neutron drip-line and is satisfac-
tory compared to SkM∗ext1 results. In the Relativistic-
Hartree-Bogoliubov calculations with the PC-PK1 func-
tional [31], the drip lines are at 31F, 42Ne, 45Na, 46Mg
and 49Al respectively, which has much overestimated the
neutron drip-line. In the macro-microscopic model cal-
culations [32], the drip lines are at 31F, 34Ne, 39Na, 40Mg
and 41Al respectively, which has underestimated the neu-
tron drip-line around 41Al. By our calculations and
examinations of 39Na, the constraint on neutron drip-
line has been much improved. We see that the over-
all performance of SkM∗ext1 is the best to predict the
drip lines from oxygen to aluminum isotopes. Based on
both SkM∗ext1 and UNEDF0ext1 calculations, we can in-
fer that 42Mg is weakly bound and 45Al is less weakly
bound, and 44Mg and 47Al could be barely existed. In
the latest ab initio calculations [33], the probabilities to
bound of 42Mg and 44Mg are 78% and 41% respectively.
The probabilities to bound of 45Al and 47Mg are 91% and
59% respectively. The ab initio results are well consistent
with both SkM∗ext1 and UNEDF0ext1 results within un-
certainties.
Figure 3 shows the density distributions of 29,31F and
37,39Na. The densities are obtained by HFB calculations
with the SkM∗ext1 force.
31F is slightly unbound in terms
of S2n while its neutron Fermi energy λn is −0.16 MeV.
31F is spherical in both calculations. Compared to 29F,
we see that 31F (N=22) has a spherical neutron halo
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FIG. 3. (Color online) The proton and neutron density dis-
tributions of 29,31F and 37,39Na calculated with the SkM∗ext1
force. The density distributions are presented in the cylin-
drical coordinate spaces as ρ(r, z). The density profiles along
r-axis (dotted lines) and z-axis (solid lines) are shown respec-
tively.
structure at outer surfaces. This is consistent with the
recent Gamow shell model studies of 31F [12]. In our cal-
culations, 39Na is prolate deformed with a quardpole de-
formation β2=0.35. With blocking and noblocking calcu-
lations, the binding energies are 242.72 MeV and 243.03
MeV, respectively, which are close. The profiles of den-
sity distributions in cylindrical coordinate spaces are dis-
played along the transverse r-axis and the principle z-axis
respectively. It can be seen that 39Na has a deformed
halo structure. In both 31F and 39Na, the halo struc-
tures are mainly related to continuum contributions. In
calculations with UNEDF0ext1, the halo structure is less
prominent due to its larger S2n compared to SkM
∗
ext1
results.
Figure 4 shows the potential energy curves of N=20
andN=28 drip-line nuclei as a function of quardruple de-
formations. Due to the breaking of magic neutron num-
bers in the neutron-rich region, there are possibly rich
deformations coexist. The calculations are performed
without quasiparticle blocking since it is rather compli-
cated due to shape transitions. It is interest to study the
deformation properties of the weakly bound 39Na. The
deformations of 32Mg are also of critical interests since
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FIG. 4. (Color online) The calculated potential energy
curves of N=20 and N=28 drip-line nuclei a function of
quardruple deformations, with the SkM∗ext1 force.
it is at the center of the “island of inversion”. In cal-
culations with SkM∗ext1, we see that
32Mg has a prolate
ground state (β2=0.39) and a second energy minimum at
the spherical shape. The energy of the prolate shape is
lower than the spherical case by 0.29 MeV. While exper-
imentally the second 0+ in 32Mg has an energy of 1.058
MeV [34]. The ground state has a large prolate deforma-
tion indicate that SkM∗ext1 can actually reproduce the
deformation of “island of inversion”, which has been a
longstanding issue of mean-field calculations, although its
0+2 energy is not perfectly reproduced and beyond mean-
field effects should be taken into account. In our calcula-
tions with SkM∗ext1,
31Na has a prolate-spherical shape
coexistence, in which energies of coexisting shapes are
almost the same. Following this shape evolution, 30Ne
has a spherical ground state and 29F is unambiguously
spherical. Note that 30Ne is prolately deformed in exper-
iments [36]. This is related to that SkM∗ext1 can repro-
duce the prolate deformation of 32Mg but the inversion
energy is not so large yet. On the other hand, calcu-
lations with UNEDF0ext1 resulted in a spherical ground
state for 32Mg. For 39Na, we see that its ground state
has a large prolate deformation and the second energy
minimum has an oblate shape. The prolate-oblate shape
coexistence in 39Na is very similar to that of 40Mg [35].
The detailed studies of shape transitions are important
to precisely calculate two-neutron separation energies in
this region. For 41Al, the oblate shape has an energy of
18 keV lower than that of the prolate shape. Therefore,
it is hard to identify the ground state deformation of 41Al
and it is the novel crossover of the shape transition with
two 0+ states with close energies, while 42Si has an unam-
biguous oblate ground state [8]. This is consistent with
Gogny-HFB calculations that 41Al has close energies in
oblate and prolate shapes [29].
IV. SUMMARY
In summary, we studied the ground-state properties of
light nuclei from oxygen to aluminum isotopes around
the newly observed 39Na with the Skyrme-Hartree-
Fock-Bogoliubov framework in the deformed coordinate
spaces. Based on the fact that 39Na is a weakly bound
drip-line nucleus, we have carefully examined various the-
oretical models. This provides a critical theoretical con-
straint on predictions of neutron drip lines. As a result,
the SkM∗ext1 parameterization is demonstrated to be a
very good choice for drip-line nuclei. It can nicely re-
produce the trend in two-neutron separation energies of
oxygen and fluorine isotopes. Furthermore, it resulted in
a large prolate deformation in the ground state of 32Mg,
which is at the center of the “island of inversion”, al-
though the inversion energy is not so large. Based on
comprehensive examinations, we can infer that 42Mg is
weakly bound and 45Al is less weakly bound, while 44Mg
and 47Al could be barely existed. Our calculations shows
a deformed halo structure in 39Na. The shape tran-
sitions in neighboring nuclei indicates that 41Al is the
novel crossover with almost the same energies in oblate
and prolate shapes. Definitely more experimental infor-
mation in this region can further improve predictions for
ground states and excited states. We hope our studies
will be valuable for experiments performed in such as
the forthcoming FRIB and other RIB facilities.
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